Testing gravity theory in the strong field region becomes a reality due to the observations of gravitational waves and black hole shadows. In this paper, we discuss how to constrain the possible deviations of the classical general relativity with the image of M87* observed by the Event Horizon Telescope. More precisely, we want to know where is the event horizon for a non-rotating black hole. General relativity predicts the horizon is located at the Schwarzschild radius rs, while other gravity theories may give different predictions. We propose a parameterized Schwarzschild metric (PSM) in which the horizon is located at r = nrs, where n is a real free parameter, and prove general relativity with nonlinear electrodynamics allows n = 1. In the weak field region, the PSM is equivalent to the Schwarzschild metric regardless of the value of n. In the strong field region, the difference between the PSM and Schwarzschild metric would leave an imprint on the shadow image. We present detailed calculations and discussions on the black hole shadows with large background light source and accretion disk in the PSM framework. More importantly, we point out that n ≈ 2 can be used to explain why the black hole mass measured by the shadow is a factor of about two larger than the previous gas dynamics measurements. If this explanation is confirmed to be right, then this phenomenon, together with the late-time cosmological acceleration, will be very important to test gravity theories.
I. INTRODUCTION
The Event Horizon Telescope (EHT) observed the first image of the black hole [1] [2] [3] [4] [5] [6] , which provides a new way to test gravity theories in the strong field region. In the framework of general relativity, assuming the black hole is in front of a large light source, [7] and [8] calculated the apparent size and shape of the Schwarzschild and Kerr black hole, respectively. [9, 10] analyzed the optical appearance of a star orbiting a Kerr black hole. A more realistic simulation is given by [11] , which calculated the image of a Schwarzschild black hole with the standard thin accretion disk. [12] [13] [14] simulated the image for the Kerr black hole and other accretion disk models. In order to compare observations with theories, the EHT collaboration [5, 6, 15] simulated the accretion matters based on the general relativistic magnetohydrodynamic (GRMHD, see [16] for pedagogical resources) simulations and produced the images by ray tracing [17] .
For the non-Kerr metrics, which mainly appear in general relativity with exotic matters and modified gravities, most of the work (see [18] for examples) is to analyze the shadow for the case that the black hole is in front of a large light source . These works can be regarded as an extension of [8] . There are few works to discuss the image of the non-Kerr black hole with a realistic accretion disk. Here we briefly introduce three works in this direction. [19, 20] simulated the images of the quasi-Kerr black hole, which introduces a quadrupolar moment to the Kerr metric [21] , with radiatively inefficient accretion flow, and discussed the observational constraints on the quadrupolar deviation by the upcoming observations of Sgr A*. [22] simulated the image of a spherically symmetric dilaton black hole with Rezzolla-Zhidenko parametrization [23] based on GRMHD and general relativistic radiative transfer [24] simulations, and pointed out that EHT observations alone are not sufficient to distinguish between the dilaton and Kerr black holes with the parameters they set due to the low resolution. However, [22] did not discuss the results of combining EHT observations with other astronomical observations, which may be a powerful tool to test general relativity as we will see in Sec. IV C. Very recently, [25] simulated the image of the Janis-Newman-Winicour naked singularity with the standard thin accretion disk. But [25] , as well as [11] , missed the projection effect as we mentioned in Sec. IV B. Imaging the non-Kerr black hole with a realistic accretion disk plays an important role in testing gravity theory with the EHT observations.
In this paper, we explore the ability to test gravity theory in the strong field region with the image of M87* [1] [2] [3] [4] [5] [6] . More precisely, we focus on the issue that where is the event horizon for a non-rotating black hole, which has not been directly tested by observations before. A parameterized metric is needed to do this. General relativity or the Schwarzschild metric has been widely tested in the weak field region [26] [27] [28] . Thus, in order to recover all successes of the Schwarzschild metric, the desired metric should be equivalent to the Schwarzschild metric in the weak field region. We propose the following parameterized Schwarzschild metric (PSM) ds 2 = −c 2 A n (r)dt 2 + dr 2 A n (r) + r 2 dΩ 2 ,
where dΩ 2 = dθ 2 + sin 2 θdϕ 2 , r s = 2GM/c 2 , n is a real free parameter, and A n (r) = (1 − nr s r ) 1/n = 1 − r s r + (1 − n)r 2 s 2r 2 + · · · . (1.2) This metric satisfies the weak field equivalence requirement regardless of the value of n. The Schwarzschild metric corresponds to n = 1 and the PSM is significantly different with the Schwarzschild metric at the horizon scale if n = 1. One clear feature of the PSM is that the event horizon is located at r = nr s . EHT observations could be used to constrain n if one can simulate the PSM black hole image. In this paper, our calculations mainly follow [11, 25] , which assume a standard thin accretion disk around the black hole. One important thing is worth mentioning here. EHT observations show M87* is rotating [5, 29] , which is also confirmed by the jet structure observations [30] [31] [32] , while the PSM describes a non-rotating black hole. So why can we compare our results with EHT observations? The main reason is that the shadow size is fairly independent of the spin for the Kerr black hole with an accretion disk [12] . This is consistent with the result obtained in [8] , which shows the influence of the spin on the shadow for the Kerr black hole with a large background light source is small if the spin is not extremely high. It is reasonable to assume that this property also holds for the parameterized Kerr metric (PKM, an analogy of the PSM). On the other side, our discussions (see Sec. IV C) depend only on the shadow size. Therefore, choosing a spherical symmetry metric is reasonable for our purpose. Note that the black hole spin controls the north-south asymmetry [1] and circularity [33, 34] of the shadow. Comparing various measurements of the spin (see [5, [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] for examples) is useful for exploring strong gravitational field physics (including not only the gravity theory but also the accretion theory). We would like to leave the work of constraining the PKM with EHT observations to the future.
The other important thing worth mentioning is that the PSM is not regular. Especially, the Ricci scalar R is divergent at r = nr s for a general n. The regularity of the spacetime is crucial for the general relativity researches [39] . However, it is not hard to avoid the singularity at r = nr s and preserve the main properties we are considering of the PSM. To do this, the key is that the region involved in our calculations is mainly range from approximately r ISCO to infinity, where r ISCO > 2nr s [see Eq. (2.8) ]. Thus we can further modify the PSM near the horizon to avoid the singularity. For example, for the case of |n − 1| 1, we can keep only the first three terms of the Taylor expansion of A n . The corresponding metric is equivalent to the Reissner-Nordström metric, which do avoid the singularity at the horizon. Furthermore, the singularity disappears if we keep only finite terms of the Taylor expansion of A n (we checked this for R and R µν R µν ). The high-order terms may originate from modified gravities as shown in [39] or general rel-ativity with nonlinear electrodynamics as shown in Sec. V. This discussion indicates that the PSM can be a good approximation of one suitable regular metric outside the horizon (the domain that is not very close to the event horizon) for our purpose. And we choose the PSM as the background metric in the following calculations due to its simplicity. This paper is organized as follows: Section II analyzes the geodesics in the PSM. Section III gives the shadow size for the case that the black hole is in front of a large light source. Section IV simulates the image of the black hole with the standard thin accretion disk and discusses the observational constraints. In this step, we reanalyze the disk structure, light bending, redshift and projection effects in the PSM. Section V proves general relativity with nonlinear electrodynamics allows n = 1 in the PSM. Our conclusions will be presented in Sec. VI. We set 8πG = 1 and c = 1 hereafter.
II. GEODESICS
In this section, we analyze the geodesics in the PSM, which are the basis for the following calculations.
A. Time-like geodesic
Without loss of generality, we assume a test particle with nonzero rest mass moving in the equatorial plane, i.e., θ = π/2 and the θ-component 4-velocity u θ = 0. The PSM is independent of t and ϕ gives
where E and L are constants, and dτ 2 = −ds 2 , which gives u µ u µ = −1, i.e.,
Taking the derivative of the above equation yields
The circular orbits require d 2 r dτ 2 = dr dτ = 0, which gives
5b)
Note that here L > 0 means the test particle moving along the positive ϕ-direction. Substituting Eq. (2.5) into Eq. (2.1), we obtain the nonzero 4-velocity components for the circular orbits are
and
.
(2.6b)
In order to calculate the radius of the innermost stable circular orbit (ISCO), we can solve d 2 r dτ 2 = 0 based on Eq. (2.4) to obtain the roots
The ISCO corresponds to r + = r − , which gives L 2 = (2n + 1)r 2 s and the ISCO radius
These results will be used to calculate the disk structure in Sec. IV A.
B. Null geodesic
In Sec. IV B, we will discuss the motion of photons from the disk to the observer. In this case, the photon orbit is not on the equatorial plane. However, we can rotate the coordinates to make the orbital plane coincide with the equatorial plane, and denoteφ as the deflection angle in the orbital plane. Similar to Eq. (2.1), we obtain
9b)
where λ is an affine parameter. When r r s , we obtain L/E = r 2 dφ/dt = b, which is the impact parameter. Substituting Eq. (2.9) into u µ u µ = 0, we obtain
Considering the angular momentum conservation Eq.
(2.9b), the above equation gives 11) which is the orbit equation for photons. Letting u = 1/r, the above equation can be simplified to
12)

III. SHADOW: LARGE BACKGROUND LIGHT SOURCE
If there is a black hole between the observer and an infinity large background light source, then the observer will see a shadow caused by this black hole. For this scenario, [7] calculated the shadow size of the Schwarzschild black hole. Here we calculate the shadow size for the PSM with the same method. Based on Eq. (2.12), we define f (u) = −u 2 (1 − nr s u) 1/n . Fig. 1 plots f (u) for n = 0.75, 1, 1.25 and three representative photon orbits for n = 0.75. Note that the light source is far from the black hole, which means u = 0 initially. The left side of Eq. (2.12) is a square requires G(u) > 0 along the orbit. In Fig. 1 , the red line, which corresponds to a big b, intersects f (u) and the photon will back to u = 0 after the intersection. Therefore, there will be photons with such large impact parameter observed by the observer. The blue line, which corresponds to a small b, do not intersect f (u) and the photon will be absorbed by the black hole. So, no photon with such small impact parameter can be observed by the observer. The green line corresponds to the critical orbit and the photons will be trapped in the so called photon sphere. f (u) takes its minimum value at u = 2 (2n+1)rs and the minimum value 
IV. SHADOW: ACCRETION DISK
The scenario described in Sec. III is too ideal to compare with the EHT observations. The realistic light source should be an accretion disk orbiting around the black hole. In this paper, we assume the standard thin accretion disk model, i.e., the disk is optically thick and geometrically thin [40] [41] [42] [43] [44] . We also neglect the influence of the jet [45] on the black hole image. For the Schwarzschild metric, [46, 47] calculated the structure of an optically thick and geometrically thin accretion disk, and [11] simulated a photograph of such black holeaccretion disk system. In this section, we firstly analyze the disk radial structure in the PSM, which gives the intrinsic radiation flux from the disk surface. Then we discuss how to transfer the flux from the disk surface to the photographic plate, and plot the images for several examples. Especially, we take into account a projection effect that missed in [11] .
A. Accretion disk
Our method mainly follows [46] , while there are minor differences in the details of dealing with the conservation of angular momentum. As the disk is assumed to be geometrically thin and the disk can be put on the equatorial plane, the metric can be written as
The energy-momentum tensor for the fluid with shear viscosity is [48] T
where the density ρ = ρ(r, z), the coefficient of dynamic viscosity η = η(r, z), the shear tensor
the projection tensor P µν = g µν + u µ u ν , the isotropic expansion coefficient θ = u µ ;µ , and q µ is the heat-flux 4-vector. Here, we neglect the internal energy, which is valid as discussed in [46] . ε is a mathematical infinitesimals, and one can set ε = 1 after calculations. ε is mathematical infinitesimal indicates the viscosity is weak, the inflow velocity is small, and the radiation is weak. Thus the disk is a nearly relativistic Kepler disk and the 4velocity of the fluid element can be written as
where u t and u ϕ are given by Eq. (2.6), and the inflow velocity u r = u r (r, z). The thinness of the disk indicates q µ is in the vertical direction [46] , which gives
where h is the height of the disk and F s (r) is the surface radiation flux. In order to describe the radial structure of the disk, we can define the surface density
the mass-averaged inflow velocitȳ 7) and the integral viscosity coefficient Integrating the above equation in the r and z-directions givesṀ
where the integral constantṀ is the mass accretion rate.
Energy-momentum conservation gives J µ ≡ T µν ;ν = 0. One can directly verify J r = O(ε 2 ) and J z = O(ε 2 ). The angular momentum conservation J ϕ = 0 gives
where r ISCO is given by Eq. (2.8) . Integrating the above equation in the z-direction, and substituting Eq. (4.10) into the result, we obtain
In principle, we can regard J t = 0 as another constraint equation. However, as calculated in [46] , energy conservation u µ J µ = 0 is a simpler approach, which gives
Integrating the above equation in the z-direction, and substituting Eq. (4.10) into the result, we obtain
( 4.14) Substituting Eq. (4.14) into Eq. (4.12), we obtain 15) which is a first-order ordinary differential equation forη(r). Solving the above equation with the boundary condition η(r ISCO ) = 0 [46] , we obtain
Substituting the above equation into Eq. (4.14), we obtain the surface radiation flux
It is not hard to verify Eq. (4.17) is consistent with the result obtained in [46, 47] for the Schwarzschild metric. The integral part of Eq. (4.17) approximately equals to √ r when r r ISCO . Thus lim r rISCO F s = 3MṀ /(8πr 3 ), which is consistent with the result in the Newtonian case [40, 44] . Actually, the result obtained in [46, 47] (see Eq. (9) in [49] for a clearer expression) also applies to the PSM, and could directly give Eq. (4.17). We give the above detailed derivation because our calculations are more straightforward than the details presented in [46, 47] . Fig. 2 plots F s (r) for n = 0.75, 1, 1.25, and shows the smaller horizon corresponds to the brighter disk.
B. From disk to observer
In order to obtain the observed flux, we need to find the position and flux correspondences between the disk and the photographic plate as did in [11] . Solving the null geodesic gives the position correspondence. There are three factors that affect the observed flux for one specific point. One is the distance from the observer to the black hole. However, the leading terms of the distances from different disk elements to the observer are same, which means the distance does not affect the relative brightness at different points in the photographic plate. So, we can neglect this factor hereafter. The second one is the redshift including Doppler redshift and gravitational redshift. The third one is the projection effect that missed in the previous simulations, e.g., [11, 25, 44, 50] . This effect is related to the fact that the photon trajectory is not perpendicular to the disk surface. For clarity, one can see the factor cos i appeared in Eq. (23) of [51] or Eq. (3.80) of [44] for the Newtonian case.
The coordinate system is plotted in Fig. 3 . The design is mainly taken from [11] , and we make minor modifications. The radius of the sphere equals to r. The black hole is placed at point o and the disk is placed on the xoy plane. Point M means a disk element, and the light it emits reaches point m in the photographic plate. The corresponding photon trajectory is in the yellow plane, and the photon trajectory is parallel to oo when the photon is far from the black hole. The coordinates of M are marked by (r, ϕ), and the coordinates of m are marked by (b, α) . In the bottom right subgraph, the red line is the photon trajectory, point P is the perihelion of the photon trajectory with the impact parameter b, and point M satisfies oM = oM = r but is on the other side of the perihelion. Note that the light emitted from M does not pass through M (Do not be disturbed by this subgraph).
In the figure, we also point out the start and positive directions of the angle ϕ, θ (i.e., θ 0 ) and α. β and γ means the value of the corresponding angle with no positive direction. It is clear that θ 0 ∈ [0, π/2], α ∈ [0, 2π], ϕ ∈ [0, 2π] and γ = [π/2 − θ 0 , π/2 + θ 0 ]. Several useful parallel and perpendicular relations: xoz x o y , o m ox , oo ⊥ xoz andM y ⊥ŷy . Here AB means a line, ABC means a plane andÃB means an arc. We denote '
ABC as an angle hereafter.
Point to point
At first, we assume α ∈ (0, π/2). Using the sine theorem of spherical triangle in ∆M yy , we obtain sin '
M yy / sin(M y /r) = sin ' y M y/ sin(ŷy /r). Substituting '
M yy = π/2,M y /r = γ, ' y M y = β andŷy /r = π/2 − θ 0 into this result, we obtain sin β = cos θ 0 / sin γ. The parallel and perpendicular relations in Fig. 3 gives inating sin β and using sin γ > 0, we obtain cos γ = cos α(cos 2 α + cot 2 θ 0 ) −1/2 . (4.18)
One can easily verify Eq. (4.18) holds for α ∈ [0, 2π] following the above proof. [11] showed this result directly without proof. So we present detailed proof here. Eq. (2.12) gives the deflection angle of photons from M to the observer
, (4.19) in which b is a parameter. We can obtain α = α(γ) and b = b(γ) from Eq. (4.18) and Eq. (4.19), respectively. Then we obtain b = b(α) for a given r, which is the isoradial curve (see the definition in [11] ) as seen by the observer. Numerically we can do this by interpolation. One thing worth mentioning here is that one b corresponding to two γ as shown in Fig. 3 . Actually, Eq. (4.19) gives γ(M ) directly because M is on the right side of the perihelion P . For γ(M ), we can calculate its value based on symmetry. At first, we should find the distance from P to o, which is given by G(1/r) = 0. P corresponds to the intersection of the red line and the purple curve in Fig. 1 . Then we can calculate the deflection angle from P to the observer using γ(P ) = 1/r(P ) 0 du/G(u). The PSM is spherically symmetric and static, and the photon orbit should be symmetrical about the line oP . So γ(M ) = 2[γ(P ) − γ(M )] + γ(M ). One b corresponding to two γ does not influence the numerical interpolation because one γ only corresponding to one b. In the numerical calculation, we use the above method to obtain b(α) for α ∈ [0, π], and then use the symmetry to calculate b(α) for α ∈ [π, 2π].
Redshift
As discussed in [11, 52] , the redshift will contribute a factor (1 + z) −4 to the observed flux. Here we denote p µ as the 4-momentum of photons. The PSM is independent of t and ϕ gives p t and p ϕ are conserved. However, the photon orbit is not in the equatorial plane, and we cannot set θ = π/2 anymore. In the rest frame of the emitting disk element, the photon energy is [11] 20) where u t and u ϕ are given by Eq. (2.6) . The only nonzero component of the observer's 4-velocity is u t ob = 1, and the observed energy of the same photon is E ob = p µ u µ ob = p t . Thus the redshift of photon is given by
In the second line of the above equation, we estimate the value of p ϕ /p t at r r s . This is valid because p ϕ /p t is conserved along the photon orbit. Note that, in Eq. (4.21), u t,ϕ = u t,ϕ (r disk−element ), and the notation r disk−element is different with r. Projecting the photon trajectory onto the equatorial plane, one can prove
Substituting Eq. (4.22) into Eq. (4.21), we obtain
For a given r in the disk and any given point (b, α) in the photographic plate, Eq. (4.23) gives the corresponding redshit. Note that there is a difference of one sign between Eq. (4.23) and Eq. (19) in [11] , which is due to the different definitions of the positive directions.
Projection
We can calculate the projection factor cos i in the rest frame of the disk element, where i is the angle between the normal line of the disk surface and the photon trajectory in the three-dimensional space. The 4-velocity of disk element is given by Eq. (4.4) with u r = 0. Then, we should find the 4-momentum of photon when it just leaves the disk surface. p t and p ϕ are conserved gives
Note that θ varies from π/2 to θ 0 when the photon moves from the disk to the observer, and hence p θ = 0. Here the constants E and L are different with the same symbols appeared in Eq. (2.9) . Combined Eq. (4.24) with Eq. (4.22) , we obtain L/E = b sin θ 0 sin α. The disk is assumed to be geometrically thin. When the photon just leaves the disk surface, p µ p µ = 0 gives (4.25) In addition, based on Fig. 3 , we know tan β = |dθ/dϕ|, where β is given by sin β = cos θ 0 / sin γ (see Sec. IV B 1). This result gives (p θ ) 2 = (p ϕ ) 2 tan 2 β. The above results are sufficient to calculate cos i. The coordinate trans-
gives the rest frame of the disk element, in which u µ = ∂x µ ∂x α u α = {1, 0, 0, 0}. In the x µ coordinate system, the space components of the photon momentum are p r = p r , p θ = p θ , and p ϕ = p ϕ − p t u ϕ /u t . Thus the projection factor
where p t and p ϕ are given by Eq. (4.24) with θ = π/2, and u t and u ϕ are given by Eq. (2.6) . Note that the value of cos i is independent of the choice of E as we expected. And we set E = 1 in the numerical calculations. As shown in Sec. IV B 1, one α corresponds to one γ and one β. So far, for a given r and (b, α), we can calculate the value of cos i. Fig. 4 plots cos i − α for n = 1 and θ 0 = 80 • , 45 • , 10 • , which shows 1) lim r rs cos i = cos θ 0 , i.e., Eq. (4.26) is consistent with the result obtained in the flat spacetime as we expected; 2) large θ 0 causes large relative change of cos i, which means the influence of the projection effect will be enhanced if θ 0 is increased. The curve in Fig. 4 is not symmetric about α = π because of the Kepler motion of the disk. Finally, the observed flux is given by (4.27) In the simulated figures, we use max(F ob ) to rescale the observed flux.
C. Results and discussions
We only consider the direct image of the disk because the disk is assumed to be optically thick. Fig. 5 plots the simulated image for θ 0 = 80 • and n = 1 without considering the projection effect, which is exactly Figure  11 in [11] . Comparing Fig. 5 with the middle one in Fig. 6 , we know the projection effect extends the bright area from the negative x -axis to the positive y -axis. This is consistent with the left panel of Fig. 4 , which shows the positive y -axis corresponds to the bigger cos i. 10, 15, 20, 30, respectively . The dashed line corresponds to z = 0. The left side of this dashed line has z < 0 (blueshift), and the right side has z > 0 (redshift). cos i = 1 indicates this figure do not take into account the projection effect. Here, the horizontal and vertical directions correspond to the x and y axes in Fig. 3 , respectively. We set rs = 2. Fig. 6 also plots the simulated image for θ 0 = 80 • and n = 0.75, 1.25, and shows larger n corresponds to larger shadow size as we expected. However, the shape of the black hole shadow is approximately independent of the value of n. This conclusion is also confirmed in Fig. 7 and Fig. 8 , which plot the simulated image for θ 0 = 45 • and θ 0 = 10 • , respectively. The mass of the black hole M87* given by the EHT is M shadow-method = (6.5 ± 0.7) × 10 9 M [1] . There are two other ways to measure the mass of M87*: stellar dynamics measurements yield M stellar-method = 6.2 +1.1 −0.6 × 10 9 M [6, 53, 54] and gas dynamics observations give M gas-method = 3.5 +0.9 −0.3 × 10 9 M [6, [55] [56] [57] . The shadow method is performed in the horizon scale and mainly depends on the shadow size (note that the shadow size is nearly independent of the spin for the Kerr black hole [12] ), while the stellar and gas methods are performed in the scale that much larger than the black hole horizon and mainly depend on the weak field limit of the metric. Thus we obtain nM ≈ M shadow-method and M = M stellar,gas-method for the PSM. If the results about M shadow-method and M stellar-method are correct, then we obtain |n − 1| 0.1 based on these observations. If the results about M shadow-method and M gas-method are correct, then we can use n ≈ 2 in the PSM to explain why the The simulated image with considering the projection effect for θ0 = 80 • and n = 0.75 (top), 1 (middle), 1.25 (bottom) .
The other marks are the same as in Fig. 5 . black hole mass measured by the shadow is a factor of about two larger than the previous gas dynamics measurements. The latter scenario is very important because it is likely to be the second phenomenon that violates the classical general relativity (Einstein equation with the normal matter). Note that the first phenomenon that violates the classical general relativity is the late-time cosmological acceleration [26, 58] . Finding more observational phonomenon against general relativity will help us to establish the correct theory of gravity. The other marks are the same as in Fig. 5 . Here no point corresponds to z = 0 and all the region we are considering has z > 0.
V. EXISTENCE OF THE PSM IN ONE SPECIFIC GRAVITY THEORY
In Sec. I, we directly parameterize the Schwarzschild metric. In this section, we discuss the possible physical origins of the PSM. Here we try three theories: f (R) gravity, general relativity with scalar field, and general relativity with nonlinear electrodynamics. The first two give negative results, while the last one gives a positive result.
A. Non-existence of the PSM in the f (R) gravity
The action of the f (R) gravity is (see [26, 59] for reviews)
where f (R) is an analytic function and κ = 8πG/c 4 , which can be given by the Newtonian approximation [60] .
Variation of the action with respect to the metric in the metric formalism gives the field equation
where f R ≡ df /dR, ∇ µ is the covariant derivative and ≡ ∇ α ∇ α . f (R) = R gives the Einstein field equa-tion, whose solution corresponds to n = 1 in the PSM. Contraction of Eq. (5.2) gives
We can substitute the PSM into Eq. (5.3) to obtain the solution of f (R), and then verify whether all E µν are equal to zero for this solution. For simplicity, and as a first step, we assume n = 1 + δ and |δ| 1. All the following calculations only preserve the O(δ) terms.
Direct calculation gives the Ricci scalar (5.4) where ≡ d/dr. We can assume f (R) = R + O(δ) as we expect f (R) = R if δ = 0. Then the Taylor expansion of f (R) at R = 0 is (5.5) where
Here we also use R = O(δ) given by Eq. (5.4) . We assume f R = 1 + g(r) + O(δ 2 ), where g(r) = O(δ). f R is a scalar gives
. (5.6) Substituting the above results into Eq. (5.3), we obtain
Solving the above equation yields 9) which is defined in x ∈ [0, +∞). So far, we obtain the expressions for f = f (r), f R = f R (r). Then we can directly calculate E µν based on Eq. (5.2) . Unfortunately, there are nonzero components of E µν , e.g.,
. (5.10) This result indicates the PSM with n = 1 cannot exist in the f (R) gravity 1 . Actually, this conclusion is consistent with the weak field limit of the f (R) gravity as the PSM gives the post-Newtonian parameter γ = 1 and the weak filed limit of the general f (R) gravity gives γ = 1/2 [61] . Inspired by this, we think a necessary condition for a gravity theory has the PSM solution is the weak field limit of this gravity theory gives γ = 1. Some modified gravities can indeed give exactly γ = 1 [62, 63] . Finding a modified gravity theory that has the PSM solution is meaningful, and we leave this work to the future. In the next two subsections, we try general relativity with exotic matters.
B. Non-existence of the PSM in general relativity with scalar field
The action for general relativity with scalar field can be written as
1 Note that the above calculations are performed in the metric formalism, and the Palatini or metric-affine formalism [59] may give different results. One important thing is that if different formalism gives different black hole solution for the same action, then EHT observations would be useful to distinguish between these formalisms.
where L φ = ∂ µ φ∂ µ φ/2 + V (φ). The field equation is (5.12) where T µ ν = ∂ µ φ∂ ν φ − g µ ν L φ . For the PSM, the nonzero components of the Einstein tensor are
while the nonzero components of the energy-momentum tensor are
14a)
Generally we have G 0 0 = G 2 2 , which is contrary to T 0 0 = T 2 2 . Thus general relativity with scalar field do not have the PSM solution.
C. Existence of the PSM in general relativity with nonlinear electrodynamics
In the framework of general relativity, what kind of field is consistent with the PSM? We recognize that T 0 0 = T 1 1 for the possible field should be necessary because of Eq. (5.13a). The electromagnetic fields satisfy this condition. However, the PSM is not the Reissner-Nordström metric. To deal with this problem, our method is to use the nonlinear electrodynamics [64] [65] [66] [67] [68] . The action for general relativity with nonlinear electrodynamics can be written as 15) where 16) where ∂ I L = ∂L/∂I. The energy-momentum tensor appeared in Eq. (5.16) is consistent with [48, 64, 65] , but contrary to [66] [67] [68] . So we present the details of the derivation of Eq. (5.16) in Appendix A. We set κ = 1 hereafter. The equation of motion for the electromagnetic field is 17) where the second equality uses F µν is an anti-symmetric tensor. As did in [67] , we assume A µ = {A, 0, 0, 0}, where A = A(r). Thus the nonzero components of F µν are F 01 = −F 01 = A and F 10 = −F 10 = −A . The scalar I = −(A ) 2 /2. The nonzero components of T µ ν are 
which means the theory return to the linear electrodynamics if the field is weak. Comparing with the Fig. 1 in [68] , which shows lim I→0 L(I) = 0 in their case, we know Eq. (5.23) is nontrivial. Fig. 9 plots L(I) for n = 0.75 based on Eqs. (5.21) and (5.22) .
VI. CONCLUSIONS
In this paper, we discuss the issue that where is the event horizon of a spherically symmetric black hole. More precisely, if the mass of the black hole is defined in the weak field limit, which is called the Newtonian gravitational mass, then we want to know whether the radius of the horizon is equal to the Schwarzschild radius. We first parameterize the Schwarzschild metric in the form of Eq. (1.1), which introduces a real free parameter n. We call this metric PSM in the main text. The Schwarzschild metric corresponds to n = 1. In the weak field limit, the PSM is equivalent to the Schwarzschild metric regardless of the value of n. The geodesics in the PSM are analyzed and Eq. (3.1) gives the black hole shadow size for a large background light source. In order to get closer to the real scenario, we analyze the image of the black hole with an accretion disk. Eq. (4.17) gives the brightness of an optically thick and geometrically thin accretion disk. The observed flux is given by Eq. (4.27) , which takes into account the light bending, redshift and projection effects. Figures 6, 7 and 8 plot several simulated images. The observational constraints on n are discussed. More importantly, we point out that general relativity may be violated in the horizon region if the results of the EHT measurements [1] and the gas dynamics measurements [6, [55] [56] [57] of the mass of M87* are correct. Especially, n ≈ 2 could eliminate the inconsistency between these two kinds of observations. The upcoming EHT observations about Sgr A* are useful to prove or disprove this conjecture. If this conjecture is confirmed, then this phenomenon will be very important to test gravity theories. Finally, we prove that the PSM cannot exist in the f (R) gravity (metric formalism) or general relativity with scalar field. However, general relativity with nonlinear electrodynamics has the PSM solution with n < 1.
Before 2015 (GW150914), tests of gravity theory are mainly performed in the weak field region (e.g. the post-Newtonian analysis), the dynamical region (mainly the cosmological constraints with the Friedmann-Lemaître-Robertson-Walker metric), and their combination (e.g. the cosmological large-scale structure formation). Now, observations of gravitational waves and black hole shadows open a new window to test gravity theory and explore new physics. For example, the simultaneous detection of GW170817 and GRB 170817A rules out many of the parameter space for modified gravities [69] . Personally, we believe the most important thing is that these observations, for the first time, directly provide physical information about the extremely strong gravitational field (see [70, 71] for applications). We look forward to seeing a phenomenon that is inconsistent with the prediction of general relativity in the strong field region.
